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We denote by I a the graph or 1-skeleton of the d-dimensional cube. 
Its 2 a vertices are all the d-tuples of zeros and ones, two vertices being 
adjacent (joined by an edge) if and only if they differ in exactly one 
coordinate. A simple d-circuit C (that is, a simple circuit in I a) has spread 
k >~ 1 if for any two vertices x and y in C, 
de(x, y) >~ k implies d(x, y) >~ k, (1) 
and 
dc(x, y) ~ k implies d(x, y) = d~(x, y). (2) 
Here d(x, y)[d~(x, y)] is the minimum number of edges forming a path 
from x to y in U[C]. Thus every circuit has spread one, and a circuit C 
has spread two if an only if it has no chords, that is, if and only if every 
edge of I  a which joins two vertices of C is in fact an edge of C. 
Circuits of spread k are useful as codes for the recording of certain data, 
for example, angular measurements on a disk where the angles are all 
measured (say clockwise) from a fixed ray and are quantized by means 
of sectors [5]. For each e < k an error in e digits results in a reading 
e places (or sectors)removed from the correct one (or else the reading 
is not a code point and the error is detected). The longer the circuit 
the smaller are the sector angles and consequently the more accurate 
the angular ecording. 
In this paper we will be interested in upper bounds for K(d, k), the length 
of longest d-circuit of spread k. Kautz [5] showed that 
K(d, 2) <~ (d/d -- 1) 2 a-* 
and, for d >~ 4, the multiplier d id -  1 was reduced to 1 by Abbott [1]. 
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Danzer and Klee [3], Glagolev [4], and Singleton [7]. Larman [6] recently 
proved for d >~ 5 that 
K(d, 2) ~< 2 a-1 -- 2 a-5 9 d -e. 
Proceeding independently of Larman's work and using a simpler argument, 
we will show for d ~> 6 that 
2 a --  12 
K(d, 2) ~< 2 a-1 -- 7d(~, --  1) 2 + 2" (3) 
To prove (3) we will use a lemma of Glagolev [4]. 
Chien, Freiman, and Tang [2] proved for t ~ 1 that 
2 d 
K(d, 2 t+ l )<~ ldx  21d_ l \  for d>2t+l ,  (4) 
~ ) ~ ) t t - -1  
and that 
K(d, 2t + 2) ~< 2 a -- 2Q(d) 
- -1  1) 
for d > 2t + 2, (5) 
where Q(d) is a polynomial in d of degree t + 1 with 1/(t + 1)l as leading 
coefficient. We will reduce the upper bound in (5) roughly by a factor of 2. 
For a d-circuit of length >~ 2k, it is easy to show that the circuit has 
spread k if and only if (1) holds. In addition, one should note that any 
d-circuit v o ..... VL(=Vo) can be specified by giving the starting vertex v 0 
together with the transition sequence ax ..... aL where v~_ x and v~ (for 
1 ~< i ~< L) differ in the a,-th coordinate. For two d-circuits with the 
same transition sequence there exists an isomorphism of I a mapping 
one circuit onto the other. 
THEOREM 1. 
2 a -- 12 
K(d, 2) ~<2 d- l -  7d(d-- 1) z+2 for d~>6.  
PROOF: Let C be a d-circuit of spread 2 and length L ---- K(d, 2), 
where d >~ 6. We will count the number of incidences between vertices 
in C and squares in U. The maximum number of vertices of C that a 
square can have is three. In fact there are exactly L squares in I a containing 
three vertices of C. By the lemma in Glagolev [4], each vertex v of C is 
contained in at least one square S~ having its other three vertices not in C. 
Let S, the transition sequence for C, be at ..... aL where transition 
number a~ "joins" vertex a; to vertex a;'. There exists a set ~ '  of [L/7] 
pairwise-disjoint blocks of seven vertices in C. It is easy to see that the 
S82/7/3-2 
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transition sequence (necessarily consisting of  six numbers) for any such 
block must contain (modulo a permutation of  the numbers 1, 2,..., d) 
at least one of the following four patterns: 
1, 2, 3, 1 or 4, 1, 2, 3, 4, 5 
or a, 1, 2, 3, 4, 5 with a r { 1, 2, 3, 4} 
or 4,1 ,2 ,3 ,4 ,1 .  
With each block B ~JC{ we will associate two squares St and $2 such that 
either 
5'1 c~ C = $2 c~ C = q~, (i) 
or  
S~ n C = $2 c~ C = {vB}, a singleton. (ii) 
Furthermore, the association will be such that, if (i) holds, three of the 
vertices in SI(S~) are at cube distance one from B, while, if  (ii) holds, the 
two neighbors of  vn in St(S2) are at cube distance one from B. 
Let us consider the block 
t t 
B : a t ,..., a 7 , 
the argument being identical for all other blocks. Without loss of  generality 
assume 
a 2 ,aa ,a  4 is 1 ,2 ,3  
and consider the four cases: 
CASE 1. a2 ,aa ,a4 ,as i s  1 ,2 ,3 ,  1. 
We fix any one of the d-5 (or possibly d-4) 4-cubes K characterized as 
t t ! t containing the vertices a2 ..... a6, but not al nor a7 9 Let F be the 3-face 
t t 
of K that contains a2 ..... an 9 I f  F is a 3-face of  any 4-subsube K of I a, 
let F* denote the 3-face of  K that is opposite F. 
a~. x 
k"; \ / 
F F* 
/ 
In this picture of  K, the dots are vertices in C, the circled vertices could 
possibly belong to C, and the other vertices are not in C. (This notation 
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will be adopted for all subsequent pictures.) I f x  r C, then squares S~ and S~ 
contain no vertices of C, while, if x E C, then x is the only vertex of C 
contained by S1($2). In either case, each square contains three vertices 
not in C and at cube distance one from B. 
We now consider the three cases in which 
az ,a3 ,a4 ,a5  is 1,2,3,4.  
! v r tr 
Let K be the (unique) 4-cube containing aS ,..., as,  an (= an), and let F be 
the 3-face of K that contains a~ ,..., a'5. 
CASE 2. as .... , as is 4,1, 2, 3, 4, 5. 
S a~-- a~ v 
F 
a6 
$I Sz 
Y 
F* 
Either x or y is not in C, otherwise a~ would be incident o three vertices 
of C. In either case we obtain two squares, S~ and $2 or $1 and $3, each 
square having only vertex a~ in C. Furthermore, the two neighbors of a's 
(that is, the two vertices adjacent o a'6) in S1 (and similarly for S~, Ss) 
are each at cube distance one from B. 
CASE 3. a l ,  as ,..., a6 is as,  1, 2, 3, 4, 5 with as q~ {3, 4}. Note that 
al could not equal 1 or 2. 
~.v  p 
a;,i I 
a~ v 
J 
F F* 
)d 
Denote by $4 the square {a, b, c, d}. If  d ~ C, then the squares S~ and Ss 
each have only the vertex ~ in common with C, and the two neighbors 
of a'6 in S~(Ss) are each at cube distance one from B. I f  d E C, then squares 
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St and Sa each have only the vertex d in common with C, and the two 
neighbors of d in St(S4) are each at cube distance one from B. 
CASE 4. at ..... a6 is 4,1, 2, 3, 4,1.  
a2 
I 
] S2 
F* 
Squares St and $2 have only vertex a~ in common with C, and the two 
neighbors of a't in St(S~) are each at cube distance one from B. 
Assume (ii) holds with respect to a block B. Then either S t or Sa is 
not S~,  the square associated (via the lemma) with the vertex vB. Pick 
one such square and call it SB 9 It  is claimed that there are at most d --  1 
blocks B' ~ Jr '  such that SB = SB, 9 To see this we pick either one of  the 
neighbors x ~ SB of v~ (= vs,) and note that it must be at distance one 
from B and from B'. But x has valence d, and one of the neighbors of x 
is not in C. Therefore x is at distance one from at most d -  1 of  the 
blocks, proving the assertion. So each square SB , for B ~ J I ,  is associated 
with at most d -- 1 o f  the blocks in rill. 
Say (i) holds with respect o a block B. Then St(S2) has three vertices at 
distance one from B, and B is a block as in Case 1. Now there are 4 9 (d -- 2) 
neighbors of SI(S,,) not in SI(S~), and at least three of  these must be in B. 
Consequently St(S2) can be associated with at most [4 (d -  2)/31 of  the 
blocks in all/. 
Let no be the number of blocks B ~ dr' which (necessarily of the type 
in Case 1) satisfy the condition that the two squares associated with B have 
no vertices from C. Set nt = [L/7] --  no. Each vertex in I a is incident 
to exactly 0 squares. Hence, counting the number of  incidences between 
squares in I a and vertices in C, we obtain 
L"  ~3L+ I ' L+ 1" d_  1 
+2 2 d - -  1 [~(d--  2)1 
2a_~ {d ] na no 
~21 d- -1  d - -1  " 
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Since n lq -no= [L/7], we have 
which yields Theorem 1. 
[L/7] ~ 2a_1 [d] L - -6  
d-  1 ~2] 7(d- -  1) '  
THEOREM 2. For k = 2t q- 2, t ~> 1, and d > k, 
K(d, ~) ~< 
2 e 
( d d - 1 e(d___2_) 
2 e 
~< (d)  - -2  (dt - - l l )q_  P(d)(td q- 1) (6) 
where P(d) is a polynomial in d of degree t + 1 with leading coefficient 
1/(t q- 1)!. For k = 4, 
e(d) = (d-2 2) _ d + 2, 
while, for all even k >~ 6, 
P(d) >/ (d  -- k )  [-'~--] (d -  21k +m2)(k -- 2m -- 1) 
t+ l  q- ~ -b m " 
(Here we use the convention that (2) = 0 if a <~ 0 or if a < b.) 
Thus the new denominator is a polynomial in d of degree t with leading 
coefficient 2/t!, the Chien, Freiman, and Tang [2] denominator in (5) 
being a polynomial of degree t with 1/t! as leading coefficient. Therefore, 
for a l l k :2 t§  ~>4, 
lira bound (6) _ 1 
a~o bound (5) 2" 
PROOF: Let C be a d-circuit of spread k and length L = K(d, k). 
Say C is 
Xo,Xl .... ,xL(= x0). 
As in [2], for 0 ~< j ~ L -- 1 define 
Uj = {y ~ I a : d(y, x~) = ~ and d(y, xj+z) > t for l = 1 ..... 2t}. 
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(Here all addition of subscripts is modulo  L). Chien, Freiman, and Tang 
proved for i :/= j that 
v~ n u~= ~, 
and for all j that 
[At this point, to get (5), Chien, Freiman, and Tang considered the sets 
Wm={y~U:d(ylxm)= t+  1 and d(y,x~) ~>t+ 1 for all j} 
for 0 <~ m ~ L --  1. The Q(d) in (5) is the min imum cardinality of Win, 
m = 0, 1,..., L --  1.] Instead we consider the sets 
! d(y,x,n)=t+ 1 and I 
V,n = ye I  a:d(y,xj) ~> t+ 1 for a l l j  and 
d(y,x,~+~) > t -k  1 for l=  1,2 ..... k - -  1 
for 0 ~<m ~<L- -  1. Clearly Vmn Us = q~ for all m and all j , and 
V s n I I /=  ~ for i : j -F 1 ..... j + (k - 1). Therefore 0 < d(xj, xi) ~ k - 1 
implies de(xj , xi) ~< k -- 1, and hence Vs n Vi = ~. Consequently, for 
i@j, 
if Vj n Vi :/: q~, then d(x~, xi) = k. (7) 
Let y~I  a. I f  yeV jn  V~, then d(y, xs)=d(y,x,)= t+  1 and 
d(x~, xi) = 2t + 2. Using an isomorphism of the cube we can assume 
that y is the origin. Now card( j :0  e Vj) is at most [d/t + 1], which 
is the maximum number of elements in U that have exactly t + 1 coor- 
dinates equal to one and pairwise are at cube distance 2t § 2. Hence, since 
I a ~_ L-1 Us ) L-)I 
j~o 
setting P(d) = mins(card V~) we obtain 
2a ~ [ (d  d - -  1 P(d)'L 
which yields (6). 
Finally, since 
l d(y, xm) ---- t + 1 and 
V,~= y~I  a:d(y,xm_~) >~ t-t -  1 for l=  1,2 ..... k - -  1 
d(y, xm+,) >t-k -  1 for l=  1 ,2 , . . . , k - -  1 
and , (8)  
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it can be shown that 
P(d) = card V~. = (d --2 2) _ d q- 2, (9) 
for a l l j ,  i f k=4;andfork=2t+2 >~6that  
/d  -- k x [ -~]  /d - -  2k -~ 2~[k -- 2m -- lx 
P(d) >~ t t+  1)  + ~ [ tq -  1 - -m] \  m )" (10) m=l  
The proof  of (10) proceeds as follows. For  notational purposes, in (8) 
let m = 0. Also let 
XL--(k--1) , . . . ,  XL - ( t+I )  , . . . ,  XL-- 1 , XO , X1 , . . . ,  Xt+l  , . . . ,  Xk-- 1 
have 
aL- (k -1)  ,..., aL - ( t+ l )  ,..., aL- -1 ,  a l  , . . . ,  a t+l  , . . . ,  ak -1  
as transition sequence, where (by using an isomorphism of U) we can 
without loss of generality assume that 
1 <~ai<~2k- -2  for i=1  ..... k - -  1 
and 
i=L - -  1 , . . . , L - - (k - -  1), 
and 
ax,a~ ..... at+l is 1,2  ..... t - ?  1 
and 
aL_l, aL-2 .... , aL_(t+l ) is t + 2, t + 3,..., k. 
Hence Xo is the origin, and, for 1 ~ i ~< t + 1, 
xi = 31 + "'" q- 8;,  and XL-i = 3t+~ + "'" q- 3t+x+i. 
Define w(y), the weight of y, to be the number  of ones in the d-tuple y. 
We have 
v0 = 
l w(y)  = t q- 1 I y ~ 1 a : d(y, xi) > t q- 1 for i = 1 ..... k - -  1 
d(y ,x , )  />t+ 1 for i=  L - -  1 .... , L - -  (k - -  1) 
For y (Yl ..... Ya) ~ Ia, let y '  = (Yl ..... Y~), Y" = (Yk+l ..... Y2k-2), and 
Y"  =-- (Y2k - I  , ' " ,  Ya)" Then define 
Vo ~ = {y e I a : w(y)  --- t + 1 and w(y')  = O} 
and 
w(y')  = n, w(y") = O, w(y ' )  = t -~ 1 -- n,) 
t Iio '~= y~I  a :and  y~ =0 for i=  1,2 ..... nq -  1 
and for i=t+2, . . . , t+ l+n 
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for n ~ 1. Since k is the total number of coordinates in y' ,  we require 
k >Tn4- (n§  1 )+n,  that i s ,  
~<n ~ [k :  1 ]. 1 
I . . 5 1  
I t  is easy to see that 
Also, if i 3& j ,  
V0~ Vo. 
v0' n v0 ~ = r 
and it is not difficult to show that 
VonC_Vo for 1 ~n~[~-~- ] .  
Clearly 
and 
card V0 ~ = (dt+l ) - -k  
Hence 
cardVo~(d-k) [-~L](d~21k2:)(k--2n--1 ) 
t -~ l  + 2 n ' n=l  
and we have established (10). This completes the proof  o f  Theorem 2. 
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